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COMPACT LIE GROUP ACTIONS WITH CONTINUOUS
ROKHLIN PROPERTY
YUKI ARANO AND YOSUKE KUBOTA
Abstract. In this paper, we study continuous Rokhlin property of
C∗-dynamical systems using techniques of equivariant KK-theory and
quantum group theory. In particular, we determine the KK-equivalence
class and give a classification of Kirchberg G-algebras when the G is a
compact Lie group with Hodgkin condition.
1. Introduction
After the initial work by Connes [Con75], the study of group actions on
C∗-algebras and von Neumann algebras, particularly their classification, is
a fundamental subject in the theory of operator algebras, as well as the
classification of operator algebras themselves. In this paper, we focus on
actions of compact Lie groups on C∗-algebras.
In the study of von Neumann algebras, the classification of compact group
actions on factors are studied in Kawahigashi-Takesaki [KT92], Masuda-
Tomatsu [MT10] and so on. In the context of C∗-algebras, Izumi [Izu04,
Izu04b] introduced Rokhlin property of finite group actions on C∗-algebras
extracting an essential property which is used to classify group actions in the
von Neumann algebra theory and classified such actions. He also shows that
many of fundamental C∗-dynamical systems such as infinite tensor products
of left regular actions of a finite group G onM|G| and the quasi-free action of
a finite group G on O|G| by a regular representation has this property. After
his work, the study of this kind of actions has been attracting attention
among C∗-algebraists [Phi11,OP12,HWZ15,HP15]. Among those, recently,
Gardella [Gar14c] initiated the study of Rokhlin actions for general compact
groups.
Roughly speaking, Rokhlin property is an analogue in an approximate
sense of freeness of product type (that is, G-actions on G × X) in topo-
logical dynamics. For a G-C∗-algebra A with Rokhlin property, there is a
fundamental technique replacing a projection or a unitary with another G-
invariant one, which is called an averaging technique by Gardella [Gar14d].
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More precisely, there is a sequence of completely positive maps A → Aα
which is approximately a ∗-homomorphism preserving Aα. This gives a
strong restriction on the structure of C∗-dynamical systems, its K-groups,
crossed products and so on. For example, we can prove certain “approxi-
mate cohomology vanishing” type theorems, which play an essential role in
the study of actions on von Neumann algebras.
Our main tool is Kasparov’s KK-theory [Kas80]. Although it is a kind
of (co)homology theory and hence does not distinguish two homotopic C∗-
algebras, KK-theory is also a powerful tool for classifications of C∗-algebras
up to isomorphism. For example, the Kirchberg-Phillips classification [Kir,
Phi00] asserts that two Kirchberg algebras are isomorphic if and only if
there is a KK-equivalence preserving the unit classes in K0-groups. Here, it
is essential in the proof of [Phi00] that the KK-group has a presentation as
the set of homotopy classes of asymptotic morphisms (cf. E-theory [CH90]).
In [AK15], the authors study the relative homological algebra of compact
group equivariant KK-theory in connection with the Atiyah-Segal comple-
tion theorem. Here, we introduce a categorical counterpart of freeness of
group actions on C∗-algebras, JnG-injectivity. It directly follows from Thom-
sen’s picture of equivariant KK-theory [Tho99] that G-C∗-algebras with con-
tinuous Rokhlin property [Gar14e], a variation of Rokhlin property, is JG-
injective. More generally, if a C∗-dynamical system has continuous Rokhlin
dimension with commuting tower [IHZ12, Gar14e] less than d, then it is
Jd+1G -injective (Theorem 2.8). This theorem is also available for the study of
Rokhlin property because the Rokhlin dimension with commuting tower is
finite if and only if so is the continuous Rokhlin dimension with commuting
tower (Proposition 2.2).
Although continuous Rokhlin property is strictly stronger than Rokhlin
property, many of known examples of Rokhlin actions have continuous Rokhlin
property. Actually, a necessary and sufficient condition for a Rokhlin action
on a Kirchberg algebra to have continuous Rokhlin property is given in terms
of equivariant KK-theory (Proposition 4.10).
Our first main theorem (Theorem 3.2) asserts that any G-C∗-algebra with
continuous Rokhlin property is KKG-equivalent to Aα ⊗ C(G) when G is a
compact Lie group with Hodgkin condition (connected and π1(G) is torsion-
free). To see this, we use the strong Baum-Connes isomorphism for an
arbitrary coefficient of the dual quantum group Gˆ of a Hodgkin Lie group
G [MN07], which is rephrased in terms of the crossed product functor since
Gˆ is torsion-free in the sense of [Mey08].
Next, we apply it for classification of Kirchberg G-algebras with contin-
uous Rokhlin property. In [Izu04], Izumi gives a necessary and sufficient
condition for two actions with Rokhlin property to be conjugate by using
an intertwining argument. By the same argument, we prove that two Kirch-
berg G-algebras are G-equivariantly isomorphic if and only if they are KKG-
equivalent. Together with Theorem 3.2, we obtain a complete classification
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of Kirchberg G-algebras (Theorem 4.9) in terms of equivariant KK-theory,
which is our second main theorem. An essential part in Theorem 4.9 is con-
struction of the model action O(G) of Kirchberg G-algebra with continuous
Rokhlin property which is KKG-equivalent to C(G). We construct it as a
crossed product of the dual discrete quantum group Gˆ by an asymptotically
representable action on O∞. We use Kishimoto’s argument [Kis81] in order
to show that the crossed product is again a Kirchberg algebra.
2. Continuous Rokhlin property for compact group actions
Throughout this paper, we assume that all topological groups are sec-
ond countable Hausdorff and all C∗-algebras are unital and separable unless
otherwise noted.
2.1. Definition and Examples. Let G be a compact group and let (A,α)
be a unital G-C∗-algebra. Set
TαA := {a = (at) ∈ Cb([0,∞), A) | (at) is uniformly G-continuous},
AαA := TαA/C0([0,∞), A), CαA := AαA ∩A
′.
They are equipped with the canonical G-C∗-algebra structure. We say the
(nonseparable) C∗-algebra CαA is the central path algebra of (A,α).
Definition 2.1. Let G be a compact group and let X be a compact G-space.
(1) We say that (A,α) has continuous Rokhlin property if there is an
G-equivariant unital ∗-homomorphism ϕ : C(G)→ CαA.
(2) We say that (A,α) has continuous X-Rokhlin property if there is an
G-equivariant unital ∗-homomorphism ϕ : C(X)→ CαA.
(3) We say that (A,α) has continuous Rokhlin dimension less than d
with commuting tower and write as dimccRok(A,α) ≤ d if there are
completely positive contractive order zero maps ϕ0, . . . , ϕd : C(G)→
CαA with commuting ranges such that ϕ
0(1) + · · ·+ ϕd(1) = 1.
Here we say that this ϕ is a continuous Rokhlin map for (A,α).
These are variations of Rokhlin property (Definition 3.1 of [Izu04]) and
the Rokhlin dimension (Definition 2.3 of [IHZ12]), which are defined by using
Z>0 instead of [0,∞).
A G-C∗-algebra A has continuous Rokhlin dimension less than d− 1 with
commuting tower if and only if A has continuous EdG-Rokhlin property
where EdG := G ∗ · · · ∗ G is the d-th step of the Milnor construction (cf.
Lemma 1.7 of [HP15] and Lemma 4.4 of [Gar14e]). To see this, remind that
a completely positive contractive map of order zero from A to B is of the
form ϕ(ta) where ϕ is a unital ∗-homomorphism from CA := C0((0, 1], A)
+
to B (Corollary 4.1 of [WZ09]). We remark that ϕ(ta) is G-equivariant if
and only if so does ϕ and the join X ∗ Y of two compact spaces satisfies
C(X ∗ Y ) ∼= CX × CY where CX := X × [0, 1]/X × {0}.
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Proposition 2.2. For a G-C∗-algebra, we have
dimcRok(A,α) ≤ dim
c
cRok(A,α) ≤ 2 dim
c
Rok(A,α) + 1.
In particular, we have dimccRok(A,α) ≤ 1 if A has Rokhlin property.
Proof. We write Aα,∞ := ℓ
∞
α (N, A)/c0(N, A) ∩ A
′ as in [Gar14c] and let
ϕi : C(G) → Aα,∞ be completely positive maps of order zero such that
ϕ0(1) + · · · + ϕd(1) = 1. Let Fn be an increasing sequence of finite sub-
sets of C(G) such that
⋃
Fn = C(G) and choose ϕn inductively such that∥∥[ϕin(f), ϕim(f)]∥∥ ≤ 2−n−m for any n,m ≥ N , f ∈ FN and i = 0, . . . , d.
Then, we obtain (2d + 2) G-equivariant completely positive maps from
C(G) to CαA of order zero given by
ϕ˜i,j2n+j+t(f) = (1− |t|)ϕ
i
n(f) for t ∈ [−1, 1]
for i = 0, . . . , d and j = 0, 1. By definition, the images in CαA commute and∑
ϕ˜i,jt (1) = 1. 
Remark 2.3. Continuous Rokhlin property is actually strictly stronger than
Rokhlin property. See Subsection 4.4 for more detail.
Example 2.4. The following examples are pointed out by Eusebio Gardella.
Let G be a finite group. The UHF algebra M|G|∞ with the G-action αg :=⊗∞Adλg has continuous Rokhlin property. Actually, we obtain an asymp-
totically central path of mutually orthogonal projections {pgt }g∈G satisfying
αh(p
g
t ) = p
hg
t given by
pgt := 1⊗ · · · ⊗ 1⊗ ut−n(pg ⊗ 1)u
∗
t−n ⊗ 1⊗ · · ·
for t ∈ [n, n + 1]. Here pg ∈ M|G| is the projection corresponding to g ∈ G
and ut is a homotopy of G-invariant unitaries in M
⊗2
|G| such that u0 = 1 and
u1 is the flip on C
|G| ⊗ C|G|.
Since On ⊗ Mn∞ ∼= On, we obtain an example of continuous Rokhlin
actions on the Cuntz algebras O|G|. On the other hand, since any automor-
phism on O|G| is approximately inner (Theorem 3.6 of [Rør93]), Theorem
3.5 of [Izu04] implies that every Rokhlin action on O|G| is conjugate to the
above action and hence has continuous Rokhlin property. In particular, the
quasi-free action with respect to the left regular representation has contin-
uous Rokhlin property (Proposition 5.6 of [Izu04]). Similarly, by the above
example and Kirchberg’s absorption theorem (Theorem 3.2 of [KP00]), the
unique Rokhlin action of G on O2 (Theorem 4.2 of [Izu04]) has continuous
Rokhlin property.
Example 2.5. Pick θ, ω ∈ R \Q such that θ − ω ∈ R \Q and let
A := Z αθ⋉ (C(T)⋊αω Z)
be a noncommutative torus where we write αz for the rotation automorphism
on C(T) (we use the same letter αz for the automorphism αt⋊Z on C(T)⋊Z).
Then, A is simple by Theorem 1.9 of [Phi06] and the dual action αˆθ of T has
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Rokhlin property since αθ is approximately representable (cf. Lemma 4.2).
Moreover, Proposition 4.10 implies that (A ⊗ O∞, α ⊗ id) has continuous
Rokhlin property (note that A is KKT-equivalent to C(T3) and hence JT-
injective).
2.2. Averaging technique via equivariant KK-theory. A fundamental
technique for C∗-dynamical systems with (continuous) Rokhlin property is
an averaging process. Let A be a separable G-C∗-algebra with continuous X-
Rokhlin property. We use the same letter ϕ for its G-equivariant completely
positive contractive lift, which is a G-equivariant asymptotic morphism from
C(X) to A. Let us choose an increasing sequence Fn of finite subsets of A
such that
⋃
Fn = A and families {fn,i}i∈In of positive continuous functions
onX as Lemma 4.2 of [Gar14d]. Then, we obtain a G-equivariant completely
positive asymptotic morphism ψ : A⊗ C(X) // A defined by
ψt(ξ) :=(t− n)
∑
i
ϕχ(t)(fn,i)
1/2ξ(xn,i)ϕχ(t)(fn,i)
1/2(2.6)
+ (n+ 1− t)
∑
i
ϕχ(t)(fn+1,i)
1/2ξ(xn+1,i)ϕχ(t)(fn+1,i)
1/2
for t ∈ [n, n + 1] where χ : R≥0 → R≥0 is a homeomorphism such that
‖[ϕt(fn), a]‖ < 2
−n|In|
−1 for any t ≥ χ(n) and a ∈ Fn. Note that ψ =
idA × ϕχ as a ∗-homomorphism from A⊗ C(X) to AαA.
This averaging map is compatible with the picture of KK-theory given in
[HLT99,Tho99] using completely positive asymptotic morphisms. Actually
we have the isomorphism
KKG(A,B) ∼= [[SA⊗KG, SB ⊗KG]]
G
cp(2.7)
where [[A,B]]Gcp is the set of homotopy classes of completely positive G-
equivariant asymptotic morphisms from A to B. Moreover the Kasparov
product is given by the composition of asymptotic morphisms. Hence ψ
gives an element KKG(A⊗C(X), A) such that [ψ]◦ι = idA. As an immediate
consequence, we obtain the following.
Theorem 2.8. Let A be a separable unital G-C∗-algebra. If A has continu-
ous Rokhlin property, then A is JG-injective. Moreover, if A has continuous
Rokhlin dimension with commuting tower less than d − 1, then A is JdG-
injective.
Here, we say that a separable G-C∗-algebra A is JdG-injective if the KK
G-
morphism induced from the canonical inclusion A→ A⊗C(EdG) has a left
inverse (see [AK15] for more details).
Corollary 2.9. Let A and B be G-C∗-algebras with finite (continuous)
Rokhlin dimension with commuting tower. For φ ∈ KKG(A,B), φ is a
KKG-equivalence if and only if ResG φ is a KK-equivalence. Moreover,
if A and B are in the UCT class, φ is a KKG-equivalence if and only if
(ResG φ)∗ : K∗(A)→ K∗(B) is an isomorphism.
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Proof. It follows from Theorem 2.8, Proposition 2.2, Lemma 2.11, Theo-
rem 3.4 of [AK15] and the universal coefficient theorem (Proposition 7.3 of
[RS87]). 
Remark 2.10. In fact, JG-injectivity is more relevant to asymptotic innerness
of the dual action rather than asymptotic representability, which we need
for continuous Rokhlin property (see Remark 3.3). For example, the crossed
product of the infinite tensor product on a C∗-algebra by the Bernoulli shift
of Z is a JT-injective T-C
∗-algebra without continuous Rokhlin property.
Lemma 2.11. Let A be a G-C∗-algebra with Rokhlin property. Then, there
is an isomorphism G ⋉ A ∼= Aα ⊗ K. In particular, if A and B are G-C∗-
algebras with Rokhlin property which are KKG-equivalent, then Aα and Bβ
are KK-equivalent.
Proof. It suffices to show that A⊗K(L2(G)) ∼= A⊗K because (A⊗K)G =
Aα ⊗K and (A⊗K(L2(G)))G = G⋉A. To this end, we show that for any
two unitary representations H0 and H1 with the same (finite) dimension,
H0 ⊗A ∼= H1 ⊗A as G-equivariant Hilbert A-modules.
Let u0 be an equivariant isomorphism H0 ⊗ C(G) → H1 ⊗ C(G) and
set u :=
(
0 u∗0
u0 0
)
∈ B(H) ⊗ C(G) where H := H0 ⊕ H1. Since A has
Rokhlin property, there is a G-equivariant completely positive map ϕ′ :=
ϕ ⊗ idB(H) : C(G) ⊗ B(H) → A ⊗ B(H) such that ‖ϕ
′(u)∗ϕ′(u)− 1‖ < ε
and ‖ϕ′(u)ϕ′(u)∗ − 1‖ < ε. Now u˜ := ϕ′(u)|ϕ′(u)|−1/2 is a G-invariant odd
unitary on H⊗A which induces the G-equivariant isomorphism fromH0⊗A
to H1 ⊗A. 
Corollary 2.12. Let A be a C∗-algebra and let {αt} be a homotopy of
G-actions on A such that α0 and α1 has finite (continuous) Rokhlin dimen-
sion with commuting tower. Then (A,α0) and (A,α1) are KK
G-equivalent.
Moreover, if α0 and α1 have Rokhlin property, the fixed point subalgebras
Aα0 and Aα1 are KK-equivalent.
Proof. It follows from Theorem 2.8, Proposition 2.2, Lemma 2.11 and Corol-
lary 3.5 of [AK15]. 
3. Continuous Rokhlin action of Hodgkin Lie groups
In this section, we focus on the case that G is a compact Lie group with
Hodgkin condition, that is, G is connected and π1(G) is torsion-free. An
important feature of Hodgkin Lie groups is that the dual quantum group
Gˆ is torsion-free in the sense of Section 7.2 of [Mey08]. Together with the
strong Baum-Connes conjecture for Gˆ (Corollary 3.4 of [MN07]), we obtain
the following.
Proposition 3.1. Let G be a Hodgkin Lie group. A KKG-morphism ξ ∈
KKG(A,B) is a KKG-equivalence if and only if G⋉ ξ ∈ KK(G⋉A,G⋉B)
is a KK-equivalence.
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Theorem 3.2. Let G be a compact Lie group with Hodgkin condition. Then,
for any G-algebra A with continuous Rokhlin property, there is a KKG-
equivalence from A to C(G)⊗Aα mapping [1A] ∈ K
G
0 (A) to [1Aα⊗C(G)].
Proof. By Proposition 3.1, it suffices to show that G⋉ξ is a KK-equivalence
for
ξ := [ψ|Aα⊗C(G)] ∈ KK
G(Aα ⊗ C(G), A).
Let p be the projection in C∗λ(G) corresponding to the trivial representa-
tion and consider the canonical inclusions ι1 : A
α → Aα⊗C(G), ι2 : A
α → A
and µ : Cp ⊗ Aα → C∗λ(G) ⊗ A
α. Since the restriction of ψ to Aα is the
identity, we have ξ ◦ [ι1] = [ι2] and hence (G ⋉ ξ) ◦ (G ⋉ [ι1]) = G ⋉ [ι2].
We also have G ⋉ [ιk] ◦ [µ] are KK-equivalences for k = 1, 2 since the iso-
morphism in Lemma 2.11 maps p to a 1-dimensional projection in K. Hence
G⋉ ξ = (G⋉ [i2] ◦ [µ])(G ⋉ [i1] ◦ [µ])
−1 is a KK-equivalence. 
Remark 3.3. In fact, KKG-equivalence A ∼ B ⊗ C(G) for some B holds
under weaker assumption for the action. As in [Yam11], we can apply the
Baum-Connes conjecture for the dual of Hodgkin Lie groups to the path of
cocycle actions using the duality [VV03] and we obtain any G-C∗-algebra is
KKG-equivalent to C(G)⊗B for some B if its dual action is asymptotically
inner.
The following corollary is an analogue of Theorem 5.5 of [Gar14] for T-
C∗-dynamical systems.
Corollary 3.4. Let G be a Hodgkin Lie group and let A be a G-C∗-algebra
with continuous Rokhlin property. Then, there is a countable abelian group
M such that K-groups K∗(A) is isomorphic to M
n
∗ where n := 2
rankG−1.
Moreover, in this case M ∼= K0(A
α)⊕K1(A
α).
Proof. It follows from Theorem 3.2. We remark that C(G) is KK-equivalent
to Cn ⊕ C0(R)
n, which follows from the fact that K∗(G) (∗ = 0, 1) are
torsion-free abelian groups of rank n (Theorem A (i) of [Hod67] and Hopf’s
theorem, see for example Theorem 1.34 of [FOT08]) and the universal coef-
ficient theorem [RS87]. 
Corollary 3.5. Let G be a Hodgkin Lie group. Two G-C∗-algebras with
continuous Rokhlin property are KKG-equivalent if and only if their fixed
point algebras are KK-equivalent. In particular, when these C∗-algebras are
in the UCT-class, then they are KKG-equivalent if and only if the K∗-groups
of fixed point algebras are isomorphic.
Proof. It follows from Lemma 2.11 and Theorem 3.2. Note that A is UCT
if and only if so is Aα because C(G) is KK-equivalent to Cn ⊕ C0(R)
n. 
4. Kirchberg G-algebras with continuous Rokhlin property
In this section, we give a complete classification of Kirchberg G-algebras
with continuous Rokhlin property up to conjugacy in terms of (equivariant)
KK-theory.
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4.1. Preliminaries on duals of compact groups. First, we collect some
terminologies around the dual of compact groups, which are also used in
Proposition 3.1 implicitly. We refer to [NT13] for more information. Let G
be a compact group. Then, the group C∗-algebra C∗λ(G) together with the
nondegenerate ∗-homomorphism
∆ˆ : C∗λ(G)→M(C
∗
λ(G) ⊗ C
∗
λ(G))
determined by ∆ˆ(λg) = λg⊗λg for g ∈ G is called the dual discrete quantum
group Gˆ of G (Definition 1.6.7 of [NT13]).
A representation of Gˆ (or a corepresentation of G) on a C∗-algebra A is
a unitary U ∈M(C∗λ(G)⊗A) such that
(∆ˆ⊗ id)(U) = U13U23.
The regular representation is a representation W ∈M(C∗λ(G)⊗C(G)) of Gˆ
on C(G) given byW (g) := λ∗g regardingM(C
∗
λ(G)⊗C(G)) as the C
∗-algebra
of M(C∗λ(G))-valued strictly continuous functions on G.
There is a natural one-to-one correspondence between representations of
Gˆ on A and unital ∗-homomorphisms C(G)→M(A) as following:
◦ For a representation U of Gˆ on A, the representation πU (f) :=
(f ⊗ id)(U) ∈ M(A) of B(G) = C∗λ(G)
∗ ⊂ C(G) extends to a ∗-
homomorphism of C(G).
◦ For a unital ∗-homomorphism π of C(G) on M(A), then Upi :=
(id ⊗ π)(W ) is a representation of Gˆ.
A (left) action of Gˆ on a C∗-algebra A is a nondegenerate ∗-homomorphism
α : A→M(C∗λ(G)⊗A) such that
(id⊗ α)α = (∆ˆ ⊗ id)α.
For example, for any G-C∗-algebra A, the crossed product G⋉A is a Gˆ-C∗-
algebra by the ∗-homomorphism αˆ : G⋉A→M(C∗λ(G)⊗ (G⋉A)) uniquely
determined by αˆ(a) = a and αˆ(ug) = ug ⊗ ug for a ∈ A, g ∈ G.
For an action α of Gˆ on A, the reduced crossed product is defined by
Gˆ α⋉A := span(C(G)⊗ 1)α(A) ⊂ L(L
2(G)⊗A).
We often omit α when no confusion arise. We also identify A and C(G)
as subalgebras of Gˆ ⋉ A. It is equipped with the dual G-action uniquely
determined by αˆg(a) = a for a ∈ A and αˆg(f)(x) = f(g
−1x) ∈ C(G) for
f ∈ C(G). The Baaj-Skandalis duality [BS93] asserts that for any Gˆ-C∗-
algebra A, G αˆ⋉ (Gˆ α⋉A) is isomorphic to K(L
2(G))⊗A with the Gˆ-action
α˜(a) =W ∗12(id⊗ α)(a)213W12
as G-C∗-algebras.
We use these terminologies in order to generalize a characterization of
continuous Rokhlin property in terms of the dual action of Gˆ on G ⋉ A as
in Lemma 3.8 of [Izu04] for general compact groups.
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Definition 4.1. We say that an action α of Gˆ on A is asymptotically rep-
resentable if there is a strictly continuous path of (asymptotic) unitaries
ut ∈M(C
∗
λ(G)⊗M(A)
α) which satisfies
(∆ˆ⊗ id)(ut)− (ut)13(ut)23 →0,
α(a) − u∗t (1⊗ a)ut →0
for any a ∈ A strictly as t→∞.
Lemma 4.2. Let G be a compact group.
(1) Let (A,α) be a G-C∗-algebra. Then α has continuous Rokhlin prop-
erty if and only if the dual action αˆ of Gˆ on G⋉A is asymptotically
representable.
(2) Let (A,α) be a Gˆ-C∗-algebra. Then α is asymptotically representable
if and only if the dual action αˆ of G on Gˆ⋉A has continuous Rokhlin
property.
Proof. For (1), first assume α has continuous Rokhlin property with the
averaging map ψt. Set
ut := (id⊗ ψt)(W ⊗ 1A) ∈M(C
∗
λ(G) ⊗A).
Since ψt is G-equivariant and asymptotically central in A, we obtain αˆ(a)−
u∗t (1⊗ a)ut → 0.
Conversely assume αˆ is asymptotically representable with the implement-
ing asymptotic representation ut ∈ M(C
∗
λ(G) ⊗ A). Then ut determines a
unitary representation u ∈ M(C∗λ(G) ⊗ AA), hence gives rise to a unital
∗-homomorphism
ψ : C(G)→ AA.
Uniform continuity, G-equivariance and asymptotic centrality follow from
the relation α(a)− u∗t (1⊗ a)ut → 0.
The assertions in (2) follow from (1) and the Baaj-Skandalis duality. 
4.2. The model action. Next, we construct a continuous Rokhlin action
of a Hodgkin Lie group G on a Kirchberg algebra which is KKG-equivalent
to C(G), more precisely, an asymptotically representable action of Gˆ on O∞
whose crossed product is purely infinite. Our method is close to that of
[Gar14b].
Pick a finite sequence of elements S := (g1, g2, . . . gn) in G. Then this
induces a finite dimensional representation
πS : C(G)→Mn, πS(f) = diag(f(gi))
and the corresponding representation US := diag(λgi) ∈M(C
∗
λ(G)⊗Mn) of
Gˆ. Observe that
US ⊗ UT := (UT )13(US)12 ≃ US⊗T
where S ⊗ T := {hg | g ∈ S, h ∈ T}. Hereafter, we fix symmetric S =
(g1, g2, . . . , gn) which topologically generates G and contains 1.
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We prepare the following elementary lemma which plays an essential role
in the proof of purely infiniteness of the crossed product.
Lemma 4.3. For any ε > 0 and any finite subset 1 6∈ F ⊂ Irr(G), there
exists k ∈ Z+ and a nonzero projection p ∈M
⊗k
n such that
‖(π ⊗ id)((1C∗
λ
(G) ⊗ p)(U
⊗k
S )
∗(1C∗
λ
(G) ⊗ p)U
⊗k
S )‖B(Hpi)⊗M⊗kn < ε
for any π ∈ F .
Proof. Since
⋃
k
S⊗k is dense in G, we have a net of vectors ξi ∈ ℓ
2(S⊗ki)
such that
(πS(f)ξi, ξi)→
∫
G
f(g)dg
for any f ∈ C(G). Hence there exists k ∈ Z>0 and a unit vector ξ ∈ ℓ
2(S⊗k)
such that
‖〈(idB(Hpi) ⊗ π
⊗k
S )(Upi)(1B(Hpi) ⊗ ξ), 1B(Hpi) ⊗ ξ〉‖ < ε
for any π ∈ F , where Upi ∈ B(Hpi) ⊗ C(G) is the unitary representation of
G corresponding to π. Now we take the projection p ∈M⊗kn onto Cξ. Using
(idB(Hpi) ⊗ π
⊗k
S )(Upi) = (π ⊗ idM⊗kn )(U
⊗k
S ),
we get p satisfies the desired property as follows:
‖(π ⊗ id)((1⊗ p)(U⊗kS )
∗(1⊗ p)U⊗kS )‖B(Hpi)⊗M⊗kn
=‖〈(π ⊗ id)(U⊗kS )(1 ⊗ ξ), 1⊗ ξ〉
∗(1⊗ p)(π ⊗ id)(U⊗kS )‖B(Hpi)⊗M⊗kn < ε.

Consider a unital embedding
Mn ⊕Mn+1 → O∞
and denote the canonical image of US ⊕ 1 by V . This is a unitary represen-
tation of Gˆ on O∞. Let A :=
⊗
k∈Z+
O∞ ≃ O∞ and consider the following
action α of Gˆ on A given by
α(x) = lim
k→∞
(V ⊗k)∗(1⊗ x)V ⊗k.
Here the limit makes sense because the sequence is eventually constant for
any x ∈ (O∞)
⊗l. Namely, for any k ≥ l we have
(V ⊗k)∗(1⊗ x)V ⊗k = (V ⊗l)∗(1⊗ x)V ⊗l.
Theorem 4.4. Let G be a Hodgkin Lie group. The crossed product O(G) :=
Gˆα ⋉A with the dual action of G is a Kirchberg G-algebra with continuous
Rokhlin property which is KKG-equivalent to C(G) by the canonical unital
inclusion C(G) = C∗(Gˆ)→ Gˆ α⋉A.
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Asymptotic representability of α, which implies continuous Rokhlin prop-
erty of αˆ, follows from connectedness of G since we have a homotopy of di-
agonal unitary representations Ut connecting US and 1. The desired KK
G-
equivalence follows from Proposition 3.1 and the Baaj-Skandalis duality.
Separability and nuclearity of O(G) also follow by definition because G is
second countable and coamenable. Hence the rest part of the proof is to show
that O(G) is purely infinite. For this, we follow the argument appeared in
[Kis81,KK97].
Lemma 4.5. For any ε > 0, finite subset X ⊂ A and 1 6∈ F ⊂ Irr(G), we
have x ∈ A+ such that for any z ∈ X
‖xzx‖ ≥ (1− ε)‖z‖,
‖(1⊗ xz)αpi(x)‖ < ε‖z‖.
Proof. We may assume X ⊂ (O∞)
⊗k. Pick p ∈ (Mn)
⊗l as in Lemma 4.3.
Consider the inclusion
(Mn)
⊗l ⊂ (Mn ⊕Mn+1)
⊗l ⊂ (O∞)
⊗l
and let us denote the image of p by q. Then q is a nonzero projection such
that
‖(1B(Hpi) ⊗ q)αpi(q)‖ < ε
for any π ∈ F . Now,
x := 1O⊗k∞ ⊗ q ∈ (O∞)
⊗(k+l)
satisfies the property. In fact, since x commutes with any z ∈ X, the first
condition is obvious and the second one follows from
(1⊗ xz)αpi(x) = (1⊗ z)(V
⊗k)∗((1⊗ q)αpi(q))1(k+2)(k+3)...(k+l+1)V
⊗k.

Corollary 4.6. The C∗-algebra Gˆ α⋉A is purely infinite.
Proof. For any positive a ∈ G α⋉A, we approximate a by positive
c =
∑
pi,i,j
cpiiju
pi
ij ∈ Gˆ α,alg⋉A
such that ‖a− c‖ < ε, where upiij are matrix coefficients of π with respect to
a fixed basis and Gˆ α,alg⋉ A is the ∗-subalgebra of Gˆ ⋉ A generated by the
polynomial algebra Pol(G) of G and A.
We may assume ‖c1‖ = 1. Let F ⊂ Irr(G) be the support of c, n the
number of nonzero cpiij ’s. Applying the previous lemma for X = {c
pi
ij} to get
x ∈ A+ such that
‖xc1x‖ ≥ 1− ε,
‖(1⊗ xcpiij)αpi(x)‖ < ε/n.
Hence we get ‖xcx−xc1x‖ < 1−2ε. The rest of the argument is completely
the same as Lemma 10 in [KK97]. 
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4.3. Classification. An important feature of Kirchberg algebras is the Kirchberg-
Phillips classification: two Kirchberg algebras are isomorphic if and only if
there is a KK-equivalence between them preserving unit classes (Theorem
4.2.4 of [Phi00]). It is generalized for equivariant setting when the actions
have Rokhlin property.
Lemma 4.7. Let A and B be G-C∗-algebras with G-actions α and β. As-
sume B has Rokhlin property and we have a ∗-homomorphism ϕ : A → B
such that there exists a sequence of unitaries (un)n∈N ∈ B⊗C(G) such that
Ad(un(g)) ◦ ϕ(x)→ βg ◦ ϕ ◦ α
−1
g (x) as n→∞
Then we have a G-equivariant ∗-homomorphism ψ : A→ B which is approx-
imately unitarily equivalent to ϕ. Moreover if ϕ is an isomorphism, then ψ
can be taken to be an isomorphism.
Proof. Put θ : A → B ⊗ C(G) as θ(x)(g) := βg ◦ ϕ ◦ α
−1
g (x). Then θ is a
G-equivariant ∗-homomorphism. Fix a G-invariant compact set F ⊂ A and
ε > 0. By assumption, we may take a unitary u ∈ B ⊗ C(G) such that
‖u(ϕ(x) ⊗ 1)u∗ − θ(x)‖ < ε
for x ∈ F . Now we take the Rokhlin approximation χ : B⊗C(G)→ B such
that
◦ ‖χ(u)∗χ(u)− 1‖ < ε, ‖χ(u)χ(u)∗ − 1‖ < ε,
◦ ‖χ(u)χ(ϕ(x) ⊗ 1)χ(u)∗ − χ ◦ θ(x)‖ < ε for x ∈ F ,
◦ ‖χ(ϕ(x) ⊗ 1)− ϕ(x)‖ < ε for x ∈ F .
Take the unitary v := χ(u)|χ(u)|−1. Then we have ‖χ(u) − v‖ < ε/2 and
hence
‖vϕ(x)v∗ − χ ◦ θ(x)‖ <
3
2
ε.
Since χ ◦ θ(x) is G-equivariant, we get
‖vϕ(αg(x))v
∗ − βg(vϕ(x)v
∗)‖ < 3ε.
Moreover since
‖θ(x)− ϕ(x) ⊗ 1‖ = sup
g∈G
‖βg ◦ ϕ ◦ α
−1
g (x)− x‖,
we get
‖χ ◦ θ(x)− ϕ(x)‖ < sup
g∈G
‖βg ◦ ϕ ◦ α
−1
g (x)− x‖+ ε.
Therefore, the intertwining argument in Theorem 3.5 of [Izu04] and Lemma
5.1 of [Izu04b] works for this situation and we obtain the conclusion. 
Proposition 4.8. Let G be a compact group and let A and B be Kirchberg
G-algebras with Rokhlin property. If there is a KKG-equivalence from A to
B mapping [1A] to [1B ], then they are conjugate.
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Proof. Let ϕ′ : qsA → B ⊗ KG be a G-equivariant ∗-homomorphism rep-
resenting a KKG-equivalence. Since ϕ′ is G-equivariant, we have β ◦ ϕ′ =
(ϕ′ ⊗ idC(G)) ◦ α, which implies
[β] = ([ϕ′]⊗ idC(G)) ◦ [α] ◦ [ϕ
′]−1 ∈ KK(B,B ⊗ C(G)).
Now, choose a ∗-isomorphism ϕ : A → B such that [ϕ] = ResG[ϕ
′] ∈
KK(A,B) (it is possible thanks to Corollary 4.2.2 of [Phi00]). Then we
obtain two ∗-homomorphisms (ϕ⊗ idC(G))◦α◦ϕ
−1 and β, which determines
the same element in KK(B,B⊗C(G)). Thanks to Theorem 4.1.1 of [Phi00],
they are asymptotically unitarily equivalent. By Lemma 4.7, two G-actions
(ϕ ◦ αg ◦ ϕ
−1)g and β on B are conjugate. 
Theorem 4.9. Let G be a Hodgkin Lie group.
◦ A Kirchberg G-algebra A with continuous Rokhlin property is G-
equivariantly isomorphic to Aα ⊗O(G).
◦ Two Kirchberg G-algebras A and B with continuous Rokhlin property
are isomorphic if and only if the fixed point algebras Aα and Bβ are
isomorphic. When A and B are UCT-Kirchberg G-algebras, A ∼= B
if and only if (K0(A
α), [1Aα ],K1(A
α)) ∼= (K0(B
β), [1Bβ ],K1(B
β)).
◦ A UCT-Kirchberg algebra A in the Cuntz standard form (i.e. [1A] =
0 ∈ K0(A)) admits a G-action with continuous Rokhlin property if
and only if there is a countable abelian group M such that K∗(A)
is isomorphic to M⊕n where n = 2rankG−1. In this case, M ∼=
K0(A
α)⊕K1(A
α).
Proof. By Theorem 3.2, for every G-C∗-algebra A with continuous Rokhlin
property, there is a KKG-equivalence from Aα ⊗O(G) to A preserving unit
elements. Moreover, as is shown in Theorem 4.4, both of Aα ⊗ O(G) and
A has continuous Rokhlin property. Since the fixed point algebra Aα of
a (continuous) Rokhlin action on Kirchberg algebras is again a Kirchberg
algebra (Corollary 3.20 of [Gar14c]), A and Aα ⊗O(G) are G-equivariantly
isomorphic by Proposition 4.8.
The second assertion follows from Theorem 4.2.4 of [Phi00], Corollary 3.5
and Proposition 4.8. The third assertion follows from the KK-equivalence
C(G) ∼ Cn ⊕ C0(R)
n as in the proof of Corolalry 3.4. 
4.4. Rokhlin property vs. continuous Rokhlin property. We con-
clude the article by a comparison of Rokhlin and continuous Rokhlin prop-
erties.
Proposition 4.10. Let G be a compact group and let A be a UCT-Kirchberg
G-algebra with Rokhlin property. Then, A has continuous Rokhlin property
if (and only if) it is JG-injective.
Proof. We know we have ξ ∈ KKG(A ⊗ C(G), A) such that ξ ◦ [ι] = idA.
Our goal is to prove that there exists a G-equivariant asymptotic morphism
ψt : A⊗ C(G) → A such that ψt ◦ ι is asymptotically equal to idA, so that
f 7→ ψt(1⊗ f) gives the desired continuous Rokhlin approximation.
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First, we start with taking a G-equivariant unital ∗-homomorphism θ :
A⊗D → A such that [θ ◦ ι] = idA, where D is a Kirchberg G-algebra with a
G-equivariant unital ∗-homomorphism i : C(G)→ D which induces a KKG-
equivalence (for example, we obtain it by the Cuntz-Pimsner construction
[Pim97, Kum04] for the Hilbert C(G)-bimodule L2(G)∞ ⊗ C(G) together
with the natural G-action).
Let φ : A ⊗ D → A be a unital ∗-homomorphism with [φ] = ResG ξ
(note that ξ∗[1A⊗D] = ξ∗i∗[1A] = [1A]). Then, we have [φ ◦ β] = [α ◦ φ] ∈
KK(A⊗D,A⊗ C(G)) where we write β for the G-action on A⊗D.
By Lemma 4.7, we obtain a G-equivariant unital ∗-homomorphism φ′ :
A ⊗ D → A which is approximately unitarily equivalent to φ. Since [φ′] ◦
ι ∈ KKG(A,A) induces the identity on K∗(A), it is a KK
G-equivalence by
Corollary 2.9.
Let σ : A⊗D → A be a unital ∗-homomorphism representing ([φ′]◦ι)−1⊗
idD under the isomorphism KK(A ⊗D,A) ∼= KK
G(A ⊗ D,A ⊗D). Then,
the unital G-equivariant ∗-homomorphism
σ˜ : A⊗D → A⊗ C(G), σ˜(x)(g) := αg(σ(x))
satisfies [i ◦ σ˜] = ([φ′] ◦ ι)−1 ⊗ idD. Now, θ := φ
′ ◦ i ◦ σ˜ is the desired G-
equivariant unital ∗-homomorphism because (([φ′]◦ι)−1⊗ idD)◦ι = ι◦([φ
′]◦
ι)−1.
By Theorem 4.1.1 of [Phi00], we get a path of unitaries (ut) ∈ A such
that
utθ(a⊗ 1)u
∗
t → a
for any a ∈ A. By an inductive reparametrization, we may assume for any
n ∈ N,
‖utθ(a⊗ 1)u
∗
t − a‖ < 2
−n‖a‖
for any t ≥ n and a ∈ Fn, where Fn is an increasing sequence of self-adjoint
compact G-invariant subset of A which satisfies
◦ A =
⋃
n Fn,
◦ A⊗D =
⋃
n θ
−1(Fn) and
◦ {us | s ≤ n− 1} ⊂ Fn.
Note that since Fn is G-invariant, we also get
◦ ‖α(ut)(θ(a⊗ 1)⊗ 1)α(ut)
∗ − a⊗ 1‖ < 2−n‖a‖ for a ∈ Fn,
◦ ‖Ad((un+1 ⊗ 1)α(un+1)
∗)α(un)− α(un)‖ < 2
−n.
Thanks to the equations above, again by induction, we may take Rokhlin
averaging maps χk : A⊗ C(G)→ A such that
(1) ‖χn(α(ut))θ(a⊗ 1)χn(α(ut))
∗ − a‖ < 2−n‖a‖,
(2) ‖Ad(un+1χn(α(un+1))
∗)(χn(α(un))) − χn(α(un))‖ < 2
−n,
(3) ‖Ad(χn(α(un))χn−1(α(un))
∗)(χn−1(α(un−1))) − χn−1(α(un−1))‖ <
2−n+1,
(4) ‖χn(α(ut))
∗χn(α(ut))− 1‖, ‖χn(α(ut))
∗χn(α(ut))− 1‖ < 2
−n.
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for n ≤ t ≤ n + 1 and a ∈ Fn (actually we do not need (2) for the later
argument, but we put this to get (3) in the induction). Then due to the
condition (4), for n ≤ t ≤ n+ 1,
vn,t := χn(α(ut))|χn(α(ut))|
−1
is a G-invariant unitary such that
‖vn,t − χn(α(ut))‖ < 2
−n−1.
Hence we rewrite (1) and (3) as
(1’) ‖vn,tθ(a⊗ 1)v
∗
n,t − a‖ < 2
−n+1‖a‖,
(3’) ‖Ad(vn+1,n+1v
∗
n,n+1)(vn,n)− vn,n‖ < 2
−n+2,
for any n ≤ t ≤ n + 1, a ∈ Fn. Note that (1’) implies ‖Ad(vn,tv
∗
n+1,t)(a) −
a‖ < 2−n+2 ‖a‖ for any a ∈ Fn. Now, we construct a desired path
ψt(x) :=
{
Ad(vn+1,n+1v
∗
n,n+1vn,t/2−n)θ(x) for t ∈ [2n, 2n + 1]
t−2n−1
2 Ad(vn+1,n+1v
∗
n,n+1vn,n)θ(x) +
t−2n−2
2 Ad(vn,n)θ(x) for t ∈ [2n+ 1, 2n + 2].
From (1’) and (3’), ψt is a G-equivariant asymptotic morphism since
‖Ad(vn+1,n+1v
∗
n,n+1vn,n) ◦ θ(x)−Ad(vn,n) ◦ θ(x)‖
<‖Ad(vn,nvn+1,n+1v
∗
n,n+1) ◦ θ(x)−Ad(vn,n) ◦ θ(x)‖+ 2
−n+3 < 2−n+4
for any x ∈ θ−1(Fn). Moreover again from (1’) and (3’), ‖ψt(a⊗1)−a‖ → 0
as t→∞, as desired. 
We remark that Proposition 4.10 holds for general compact groups. In
particular, when G is finite, it is related to Izumi’s classification of finite
group actions on UCT-Kirchberg algebras with Rokhlin property [Izu04b].
For any finite group G, a complete classification of UCT-Kirchberg G-
algebras with Rokhlin property is given in Corollary 5.4 of [Izu04b] by their
K∗-groups as CCT G-modules and [1A] ∈ K0(A)
G.
In fact, it is an immediate consequence of Theorem 2.8 that the K∗-group
of G-C∗-algebras with continuous Rokhlin property is relatively projective.
The class of relatively projective modules is strictly smaller than the class of
CCT modules although they coincide under some reasonable assumptions.
Actually, Katsura [Kat07] shows that every CCT modules are given by the
third term of a pure exact sequence whose first and second term is rela-
tively projective (cf. Proposition 2.2). Hence we obtain a UCT-Kirchberg
G-algebra with Rokhlin property which does not have continuous Rokhlin
property. Moreover, relative projectivity is also a sufficient condition for
continuous Rokhlin property.
Lemma 4.11. Let A be the UCT-Kirchberg G-algebra such that K∗(A) are
relatively projective G-modules. Then, A is JG-injective.
Proof. We write O(G) for the model action in Lemma 5.2 of [Izu04b], which
is KKG-equivalent to C(G) by the inclusion. Choose an isomorphism M∗ ⊕
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M ′∗
∼= N∗ ⊗Z Z[G] where N∗ are abelian groups. Let A, A
′ be the UCT-
Kirchberg G-algebras in the Cuntz standard form with Rokhlin property
corresponding to M∗, M
′
∗ respectively and let B be the UCT-Kirchberg
algebra in the Cuntz standard form corresponding to N∗. By Lemma 5.1 of
[Izu04b], we obtain G-equivariant ∗-homomorphisms ϕ : A→ B⊗O(G) and
ϕ′ : A′ → B ⊗O(G) such that [ϕ]⊕ [ϕ′] ∈ KKG(A⊕A′, B ⊗O(G)) induces
the inclusion of K∗-groups and hence a KK
G-equivalence by Corollary 2.9.
Since B ⊗O(G) is JG-injective, so are direct summands A and A
′. 
Corollary 4.12. Under the one-to-one correspondence given in Corollary
5.4 of [Izu04b], any triplet (M0, x,M1) such that M0 and M1 are rela-
tively projective corresponds to a UCT-Kirchberg G-algebra with continuous
Rokhlin property.
Proof. It follows from Lemma 4.11 and Proposition 4.10. 
Corollary 4.13. Let A be a UCT-Kirchberg G-algebra with Rokhlin prop-
erty. If both K0(A) and K1(A) are either finitely generated groups or bounded
p-groups, then A has continuous Rokhlin property.
Proof. It follows from the above corollary and Lemma 3.12 and Lemma 3.13
of [Izu04b]. 
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